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Abstract—Configuring precoders and combiners is a major
challenge to deploy practical multiple-input multiple-output
(MIMO) millimeter wave (mmWave) communication systems
with large antenna arrays. Most prior work addresses the prob-
lem focusing on a total transmit power constraint. In practical
transmitters, however, power amplifiers must operate within their
linear range, so that a power constraint applies to each one
of the input signals to these devices. Therefore, precoder and
combiner designs should incorporate per-antenna or per-radio
frequency (RF) chain transmit power constraints. We focus on
such problem for frequency-selective channels with multicarrier
modulation, and assuming hybrid analog/digital architectures
based on fully connected analog blocks implemented with finite-
resolution phase shifters. We first derive an all-digital solution
which aims to maximize spectral efficiency. Then, we develop
hybrid precoders and combiners by approximately matching
the corresponding all-digital matrices while still enforcing the
power constraints. Numerical results show that the proposed
all-digital design performs close to the upper bound given
by the standard waterfilling-based solution with a total power
constraint. Additionally, the hybrid designs exhibit a moderate
loss even when low-resolution phase shifters are considered.

Index Terms—Frequency-selective channel, hybrid ana-
log/digital precoding, millimeter wave communications, per-
antenna power constraints.

I. INTRODUCTION

Configuring antenna arrays in Multiple-Input Multiple Out-
put (MIMO) mmWave frequency-selective scenarios is a chal-
lenging task. The main issues to be addressed are (i) to
obtain channel state information (CSI) of sufficient quality,
either in terms of spatial covariance or channel estimates; and
(ii) to jointly design hybrid architectures, by splitting their
operation between the analog and digital domains to reduce
the number of radio frequency (RF) chains [1]. The fact that
part of the transmit/receive processing must be performed in
the analog domain implies that analog hardware limitations
must be taken into account, making the precoder and combiner
design problem with hybrid architectures significantly harder
than its all-digital counterpart. In addition, the analog precoder
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must accommodate different data streams for the different
subcarriers using a small number of RF chains, which results
in a small number of degrees of freedom and makes the design
problem even harder.

The idea of a hybrid analog-digital solution for the pre-
coders and combiners under a total power constraint was
first proposed in [2], and then developed in [3] for sparse
narrowband MIMO channels at mmWave frequencies. Perfect
factorization of the precoders is obtained in [2], but it re-
quires a large number of RF chains, so that the solution is
not feasible at mmWave frequencies. A common approach
for mmWave hybrid system design is to approximate the
all-digital solution as the product of factors corresponding
to the analog and digital stages. Many approaches to this
task have been proposed in the literature for the single-
user, narrowband case [4]-[6]; however, the mmWave channel
is frequency-selective, and multicarrier techniques such as
orthogonal frequency division multiplexing (OFDM) become
appealing because of their ability to simplify equalization at
the receiver and their good pairing with MIMO. With OFDM it
is possible to apply individual baseband precoders/combiners
in the digital domain on a per-subcarrier basis; however, the
analog RF precoder/combiner must necessarily be common for
all subcarriers, i.e., it is frequency flat.

A. Prior work

The design of hybrid precoders and combiners for
frequency-selective mmWave systems has been recently con-
sidered in several works [7]-[15]. The authors of [7] focus
on the design of precoder codebooks for limited feedback
systems. In [8] the RF precoder/combiner is computed by
maximizing the received power, under the assumption that the
channel autocorrelation matrices at the different subcarriers
can all be approximated by a common autocorrelation matrix
constructed from angular information alone, neglecting the
time delays of the mmWave channel response. A common
autocorrelation matrix obtained by averaging over all sub-
carriers is analogously used in [9] and [10] to maximize
the mutual information with respect to the RF precoder. In
[11] and [12] the hybrid precoder is obtained by minimizing
the Euclidean distance to an all-digital counterpart computed
in turn to minimize the mean squared error (MSE) between
transmitted and received signals; this approach is also adopted
in [13], [14] for fully-connected phase-shifter based and in
[15] for fixed-phase shifters and switches based architectures.
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The common limitation of these and similar works is that
they assume either per-subcarrier power constraints or a total
power constraint. The former are overly restrictive in practice
and therefore suffer a performance loss, whereas the latter
does not take into account the practical limitations imposed
by individual power amplifiers, which may be placed either at
each antenna [16]-[18] or at each RF chain [19], [20]. Note
that in passive arrays, a high-power RF amplifier is placed
at each RF chain, and the array is fed through a low-loss
combining network; in contrast, active arrays incorporate a
power amplifier at each antenna element [21].

The problem of precoder/combiner design under per-
antenna power constraints has been considered in [17], [18],
[22], [23] for all-digital structures, and in [19], [24]-[26]
for the hybrid architecture. In particular, [24], [25] pro-
posed designs assuming frequency-flat channels, and for fully-
and partially-connected architectures, respectively. The design
from [19] contemplates both possibilities for the downlink of a
multiuser setting, but again assuming frequency-flat channels
and without any combiner at the user side, which simplifies the
design. To the best of our knowledge, the only hybrid designs
for frequency-selective channels under per-antenna or per-RF
chain power constraints is our preliminary work in [26] for
the fully-connected architecture with per-antenna constraints,
and the design from [20] for the partially-connected structure
with per-RF chain constraints.

B. Contribution

We propose a novel design for hybrid precoders and com-
biners in a point-to-point mmWave system with frequency-
selective MIMO channels. The RF analog processing is imple-
mented using a fully-connected phase-shifter-based architec-
ture, where the signal at each RF chain is fed to every antenna.
Previous hybrid transceiver designs consider the maximization
of the mutual information, thus decoupling the designs of the
precoder and combiner, and with total or per-subcarrier power
constraints; in contrast, we address the problem of directly
maximizing the spectral efficiency by jointly designing the
precoder and combiner, and under either per-RF chain or per-
antenna power constraints. The contributions of this paper are
summarized as follows:

« We formulate the problem of finding all-digital precoders
and combiners maximizing the spectral efficiency of
a MIMO-OFDM system with per-antenna power con-
straints, in contrast with previous approaches which con-
sider either total or per-subcarrier power constraints. In
addition, we consider the maximization of the spectral
efficiency as defined in (3) in [3](which depends on
both the precoder and combiner), rather than mutual
information with an optimal fully digital receiver and no
combiner (as defined in (8) in [3]). Thus, in our approach,
the precoder and combiner designs are tackled jointly, not
separately, in contrast with many methods in the literature
which first design the precoder.

« Owing to the non-convex nature of the problem, we
propose a tractable approximation. It is seen that adopting
a uniform power allocation strategy across streams and
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subcarriers does not entail a significant loss with respect
to optimum power allocation, while it provides substantial
computational savings. The all-digital design provides
both a performance upper bound as well as a reference
to be matched with hybrid architectures.

o A design criterion is proposed for hybrid combiners with
a fully-connected analog network by minimizing the sum
over all subcarriers of squared chordal distances between
the subspaces defined by the all-digital and hybrid com-
biners. The approach based on Euclidean (rather than
chordal) distances is shown to yield an equivalent design.

o The design of the hybrid precoders is approached using
a similar metric, which cannot be interpreted in terms
of chordal distances between subspaces anymore, due
to the role of the power constraints. Note that it was
observed in [7] that minimizing the chordal distance
between subspaces is approximately equivalent to maxi-
mizing the mutual information, as long as the precoders
are constrained to be semi-unitary, which is not the case
in our setting.

o The per-antenna or per-RF chain power constraints are
efficiently handled by decoupling the role of the different
factors in the SVD of the baseband precoders. In par-
ticular, their singular values are obtained by maximizing
the spectral efficiency in what turns out to be a convex
problem.

o We evaluate and compare the performance of the all-
digital and hybrid solutions using realistic small-scale
parameters directly taken from the 3GPP channel model
described in [27]. The hybrid designs show graceful
degradation with decreasing phase-shifter resolution.

Our preliminary work in [26] did not include the derivations
and expressions of the all-digital precoders and combiners,
the uniform power allocation strategy proposed herein, or
all the necessary mathematical steps to find their hybrid
factorizations. Moreover, the connection between Euclidean
and chordal distances in the hybrid designs was not exposed,
per-RF chain power constraints were not considered, and
presented numerical validation was limited.

Perfect channel estimates are assumed throughout the pa-
per, although it is true that channel estimation errors will
unavoidably degrade performance in practice. A number of
methods have been recently proposed to efficiently estimate
the parameters of the wideband mmWave channel by exploit-
ing its low rank and sparse scattering nature [28]-[31]. Thus,
the availability of accurate CSI in this context is certainly not
trivial, but not unreasonable.

C. Notation

Bold lowercase v denotes a column vector, whereas bold
uppercase A is used to denote matrices. AT and A* stand for
the transpose and conjugate transpose of A, respectively. The
(i, j)-th entry of matrix A is denoted as [A]; ;, and the i-th
entry of vector v is denoted as [v];. The n X n identity matrix
is denoted as I,,, with e; being its j-th column. The Frobenius
norm and determinant of A are respectively denoted as ||A||F
and |A|. For A € C™" Hermitian, its ordered eigenvalues
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are denoted as A;(A) > A2(A) > -+ > 1,(A). We use i
for the Kronecker delta, E for expectation, and CN (u, C)
for the circularly symmetric complex Gaussian distribution
with mean y and covariance C. Discrete-time and frequency-
domain signals are respectively denoted as x[n] and X[k].

II. SYSTEM MODEL

We consider a single-user MIMO-OFDM based hybrid
mmWave link employing K subcarriers to send B blocks of
symbols s;[k] € CM, k=0,1,...,K~1,i=1,...,B; thus,
i and k denote the block and subcarrier indices, respectively,
whereas the number of streams is Ng. Symbols are assumed
zero-mean and uncorrelated across blocks and subcarriers, so
that E{S,-[k]sj*.[k’]} = KLNSINS(SI-_‘,-ék_k/ with P the average
total transmit power. The transmitter has N, antennas, whereas
the receiver is equipped with N, antennas. The system is
based on a hybrid architecture as shown in Fig. 1, with
L; and L, RF chains at the transmitter and receiver sides,
respectively. At the transmitter, a frequency-selective hybrid
precoder F[k] € CN*Ns is used, with F[k] = FrrFpp[£],
k=0,...,K—1. Here Frp € CN*It i5 the analog precoder,
which is frequency-flat, and Fgg[k] € CI*Ns are the digital
precoders, which may vary across subcarriers.

Symbol blocks are transformed into the time domain using
L, parallel K-point IFFTs. The time-domain samples of the
transmitted baseband-equivalent signal can be expressed as

B K-1
x[n] = —FRFZ Z Feglk]si[k
p

Zk(n— ZCP i(K+Zcp))

x e/ F wln —i(K + Zcp)], (1)

where Zcp is the cyclic prefix length, and w(n] is the length-
(K + Zcp) rectangular pulse defined as w(n] = 1 for n =
0,...,K+Zcp— 1, and 0 otherwise.

The MIMO channel between transmitter and receiver is
assumed to be frequency-selective, with impulse response
length not exceeding the cyclic prefix length. Let pr, be the
path loss, C and R. the number of clusters and rays in the
c-th cluster, respectively, Ty the sampling interval, and p(¢)
the impulse response of a filter including the effects of pulse-
shaping and other analog filtering. Also let @, € C, 7., € R,
¢c.r € [0,27) and 0., € [0,27) be respectively the complex
gain, delay, and angles-of-arrival and departure (AoA/AoD) of
the r-th path in the c-th cluster, and ag (¢) € CMr, ap(0) € CM
be the steering vectors of the receive and transmit arrays. Then,
the d-th delay tap of the channel is given by an N, X N; matrix
denoted as H;, which, assuming a geometric channel model
[32], can be written as

C R.
Ho=\ 2% ZZa (T = e p)ar(fe.)ar(0c.). ()
with R £ ZCC:] R, the total number of paths. Now, Hy in (2)

can be written more compactly as
H; = ARrRGuA}, 3)

where G € CRXR jg diagonal, and the columns of Ag €
CNXR and Ap € CN*R comprise the receive and transmit
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array steering vectors ag (¢, ) and ar(6. ), respectively. The
frequency-domain N; x Ny MIMO channel matrix at subcarrier
k is then given by

= ArG[k]AT 4)

where N, is the number of channel taps in the time domain,
and G[k] = ZN‘_IGde i,

In the w1deband regime, the array response vectors become
frequency-dependent, an effect known as beam-squint [33],
[34]. In this case, the signal wavelength is subcarrier depen-

dent: A = ﬁ, where ¢, B and f, denote the propagation

speed, the bandwu%th and the carrier frequency, respectively.
For example, in the case of a uniform linear array (ULA) with
d-spaced elements at the transmit side, the steering vector at
the k-th subcarrier becomes

[arc(0)],, =

—jF< 4 1 5in 0
—e /‘ , m=0,1,...,

1
VN
An analogous expression applies to the receive array response
vectors ag x (¢). The channel matrices in (4) must be modified
to account for this effect, so that now one has

H[k] = Ar[k]G[k]AT[K], (6)

where Ag[k] and Ar[k] respectively comprise the receive and
transmit array steering vectors ag x(¢..) and at (6. ).

The receiver applies a hybrid combiner WI[k] =
WgreWsgg [k] € CN*Ns | with Wrp € CN*Lr the analog com-
biner common to all subcarriers, and Wgg[k] € CL*Ns the
digital factor. Then, assuming the channel impulse response
is shorter than the cyclic prefix as well as perfect synchro-
nization, after cyclic prefix removal and FFT processing, the
received signal at subcarrier k of the i-th OFDM symbol can
be written as

Y:[k] = Wgp [k]WreH[k]FreFrp[£]S; [k]+Wgp [k ]Wgen; [£],

)
where n;[k] ~ CN (0,0%1) is the additive noise. Channel
matrices are assumed normalized according to

Ne—1. (5

1 K-1
< O IIHEKIE = N, ®)
k=0

III. PROBLEM FORMULATION

We assume perfect channel state information (CSI) at the
transmitter and receiver, and focus on the problem of design-
ing hybrid precoders and combiners maximizing the spectral
efficiency (or, equivalently, the achievable rate), subject to per-
antenna or per-RF chain power constraints. Under Gaussian
signaling, the spectral efficiency corresponding to (7) can be
expressed as

=

-1
R = % (KIW[K]) !

log, |In, +

fM

W* [kJH[K]F[k]F" [k [H* [k ]W[k]], 9)

where SNR =
antenna, let us define X;[k] = F[k]S;[k]. Then, the signal
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Fig. 1: Structure of a hybrid MIMO-OFDM fully-connected architecture, which includes analog and digital precoders and

combiners.

corresponding to the i-th OFDM symbol transmitted through
the j-th antenna is the cyclically-extended K-point IDFT of
a vector with entries ej.xi[k], k=0,1,...,K — 1. Since the
IDFT is a unitary transformation, the average power constraint
at the j-th transmit antenna can be written as

K-1
D EllexikPy <py,  Vie{l,....N} (10
k=0

where p; > 0 is the maximum available power at the j-
th antenna, with Z L pj = P Taking into account that
E{s;[k]s;[k]} = INS and with p; £ p;/P, (10) can be
rewritten as

K-1
ZF[k]F*[k])ej <p; Vje{l,...,N}. (11)
k=0

With hybrid precoders F[k] = FrpFgp[k], let X;[k] =
Fgplk]s;[k]. If per-RF chain power constraints apply with
qg > 0 the available power at the ¢-th RF chain with

25 ]CH—N,then

ZE{|e}ii[k]|2}§qf, Vee{l,...,L}, (12
k=0

which, letting g, = g¢/P, translates into

1
KN,

K-1
: (Z FBB[k]F*BB[k]) e <ge, VCe{l,...,L}.
k=0

13)

Besides the power constraints (11) or (13), additional
hardware constraints imposed by the analog precoding and
combining stages must also be taken into account. We assume
that transmitter and receiver employ fully-connected hybrid
architectures, as shown in Fig. 1. The analog precoder and
combiner are implemented using a fully-connected network
of phase shifters, as described in [35], with resolution of by
and b, bits, respectively. Let M,I;] %L denote the set of N x L
matrices with entries having unit magnitude and with phase in

the set {O 2n 2m(2-1)

AR }, corresponding to b quantization
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bits. Then, the analog precoder and combiner must satisfy
Frr € MN‘XL‘ and Wgp € /\/[N’XLr As a consequence,
it turns out in particular that the analog precoder satisfies
FreFre = NIy, with high probability [10, Lemma 1].

Note that the total transmit power is given by

(Z Flk]F[k] ) (14)

Under the per-antenna power constraints (10)-(11) with
Z;.V:‘I pj = P, Prx < P automatically holds. On the other
hand, under per-RF chain power constraints (12)-(13) with

Prx = Z E{Ix; [k]]”} =

Z[l;;l qc = %
p K-1
Prx = r FreFeg[k]Fgp[k]Fge

KN —
K-1

NP

~ — 1 sl k|Fsp k]| < P, (15)

KNs k=0

where we have used the cyclic property of the trace, tr(AB) =
tr(BA), and the aforementioned property FrpFre ~ NI, .
Thus, the normalizations 2?]:[1 pj=Pand },' qr = %{ are
appropriate.

Incorporating the hardware-specific constraints into the op-
timization results in an intractable problem, so we will initially
drop them to gain some insight into the design of precoders
and combiners under the per-antenna/RF chain power con-
straints. Thereafter, we will focus on finding the frequency-
selective hybrid approximations that are best matched to the
all-digital solution.

IV. ALL-DIGITAL DESIGN

Consider an all-digital implementation of the precoder and
combiner, corresponding to a system with a dedicated RF
chain per antenna. In that case, per-antenna and per-RF
chain power constraints become essentially the same, so we
focus on the former for concreteness. The problem of jointly
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5
& SNR . o
{W[k]’uff[aé’h[k]} X ;logz Iy, + N, W[kIW*[k]H[k]UR[k]Z: [k]UR [k ]H" [£]
W KIWIK] =Ty, Up[KIUp[k] =Ty, VK, a7
> { 2 (25 Urlk ]zg[k]uF[k]) < B Vie{l... N}

maximizing the spectral efficiency R under per-antenna power
constraints can be stated as

max R s.to
{F[k],W[k]}

(16)

The closed-form solution to (16) is unknown' even for the

narrowband case [24]. Following the philosophy in [24], we
extend its formulation to the frequency-selective scenario,
starting with the result from [24, Lemma 1]; see Appendix A
for the proof.

Lemma 1. The optimal all-digital precoder for problem (16)
satisfies all the per-antenna power constraints with equality.

Next we make the following observations regarding problem
(16) based on the expression of R in (9):

« Using Sylvester’s determinant identity, R is seen to
depend on the combiner W[k] only through the matrix
W([k](W*[k]W[k])~'"W*[k], which is the orthogonal
projector onto the subspace spanned by the columns of
W/{k]; whereas the power constraints in (16) do not
depend on WJk]. Hence, there is no loss of generality
in assuming W[k] semi-unitary, i.e., W*[k]W[k] = L,.

« Both R and the power constraints in (16) depend on
the precoder F[k] only through the matrix F[k]F*[k].
Thus, without loss of generality F[k] can be assumed of
the form Ur[k]Xr[k], where Ugr[k] € CV*Ns is semi-
unitary and Ep[k] € RNM>*Ns is diagonal and positive
semi-definite, containing the singular values of F[k] in
descending order.

In view of these, (16) can be rewritten as (17) at the top of
this page. The main difficulty towards solving (17) is that the
semi-unitary part of the precoders, Ug[k], affects the power
constraints. We propose to obtain an approximate solution by
the following two-step procedure:

o Step I: First, maximize the objective in (17) with respect
to the semi-unitary matrices {W[k],Ur[k]} neglecting
the per-antenna power constraints.

o Step 2: Substituting the optimal values from the previous
step, maximize the objective with respect to {Xp[k]}
under the per-antenna power constraints.

Note that the solution obtained in this way is feasible for
problem (17), although suboptimal in general. Step 1 is solved
via the following result, whose proof is given in Appendix B.

I'The related problem of maximizing the mutual information with respect
to the precoder was solved in [18] for the narrowband case.
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Theorem 1. For given matrices {H[k],):%[k]}, with each
ZZF[k] diagonal with non-negative elements in descending
order; consider the problem

1 & SNR .
x HIKJUF [K]Z2 [K]UR[KTHT[K]|  (18)
s.to WKIWIK] = Iy, Up[k]Up[k] = Ly,.

Let UH[k] € CNxXNs, VH[k] € CNXNs pespectively comprise
the principal N left and right singular vectors of H[k]. The
solution to (18) is independent of {Z%[k]}, and given by

= Vy k],

In words, Theorem 1 states that whenever the power al-
location strategy does not affect the semi-unitary part of the
precoders, the spectral efficiency is maximized by diagonaliz-
ing the channels. The application to the case of a total power
constraint is well known, in which the precoders’ singular
values are obtained via waterfilling.

Let Xy [k] be a diagonal matrix with the Ny largest singular
values of H[k], in descending order. Then, with the values for

Ur[k] W[k]=Ug[k], 0<k<K-1. (19)

{Up[k],W[k]} from (19), Step 2 amounts to solving
K-1
1 SNR_, . <2
max — log, Iy, + YrlklXyk
{W]}K; & [In + S TR KT ]‘

Denoting the (j,i)-th element of VH[k] by vji[k], 1 <j <
Ni, 1 <@ < Ng, and the i-th diagonal entries of Xy [k], Xp[k]
by o, i[k], pi[k] respectively, problem (20) becomes

K-1 N,
max E Z Zlogz (1+ [k]p?[k]
{ﬂ,[k k=0 i= (21)
K-1 N;
S. to Zlvj, 1120 i YJ.
KN k=0 i=1

Problem (21) is convex in the power allocation coefficients
{pi[k]}, so it can be solved using any convex optimization
tool. The result is a space-frequency power allocation algo-
rithm, in which the effective per-subcarrier SNR determines
how the per-antenna power budget is split into the different
subchannels. In general, the solution to (21) need not satisfy
all the power constraints with equality, and thus, in view of
Lemma 1, the proposed all-digital design need not be optimal
in terms of the original problem (17).
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Algorithm 1 All-digital design under per-antenna power con-
straints

Input: Channel coefficients {H[k]}X !, available powers
{(piyi
for k=0,...,K—-1do

Set \7H[k] « N principal right singular vectors of
H[k]

Set Xy[k] « diagonal with the Ny largest singular
values of H[k]

Set W[k] < N; principal left singular vectors of H[k]
end for
Non-uniform power allocation: Solve for {EF[k]}],:;()] in
(20) or, equivalently, (21)
Uniform power allocation: Compute p> via (23)

for k=0,...,K-1do _
Non-uniform power alloc.: Set F[k] = Vg [k]ZF[k]
Uniform power alloc.: Set F[k] = pVg|[k]

end for
Output: all- dlgltal precoders {F[k]}X i 0 , all-digital combin-
ers {W[k]}K * 0

Despite the convexity of (21), the number of optimization
variables KN can be large, which may hamper the appli-
cation of this design in practice. Seeking a more favorable
tradeoff between performance and complexity, we propose an
alternative approach with uniform power allocation across data
streams and subcarriers, by imposing p;[k] = p for all i and
k in (21). In this way, a single variable p has to be optimized
by solving

1 SNR , 2
max — lo 1+ k
pzZOK;; gz( N, m,ilklp
| KL N (22)
S. to lvii[k]1?0* < pi, ¥V
KN, L1 L ji P Pjs V]

Since each of the log terms in the objective of (22) is
monotonically increasing in p?, the optimum is achieved by
the largest feasible value of p?, given in closed form by

pj

p = KN; min — — .
VKV, (K] e;

1<j<N, e*(

(23)

The all-digital design is summarized in Algorithm 1. With
the uniform power allocation approach (23), its computational
load is dominated by the K SVDs of the channel matrices, and
thus it is O(K min(leNr, N?N,)). With non-uniform power
allocation, the cost of solving (21) has to be additionally
considered. This cost will depend on the chosen convex solver
and is difficult to quantify, but as the number of subcarriers K
increases it will tend to become dominant, since the number
of optimization variables is KN;. Results given in Sec. VII
will show that the performance loss incurred by the uniform
power allocation approach (23) is rather small.
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V. DESIGN OF FREQUENCY-SELECTIVE HYBRID
COMBINERS

We follow two different approaches for the design of
the frequency-selective hybrid combiners WrpWgg [£], which
will be shown to be equivalent in terms of spectral ef-
ficiency. Consider the all-digital solution W[k] = Ug[k]
from Theorem 1, which is semi-unitary for all k, and note
that the spectral efficiency (9) depends on this all-digital
combiner only through the orthogonal projection matrices
W[k (W*[k]W[k])"'"W*[k] = W[k]W*[k]. This motivates
a first approach in which these projection matrices are ap-
proximated, i.e., WrpWgg[k] (WrgWgg[k])* ~ WKW [k].
The second approach directly attempts to match the combiners,
i.e., WrpWpgg[k] ~ W[k] for all k. In both cases we use the
Euclidean distance as the metric in the approximation.

Since the factor Wgg € CNXLr of the hybrid combiner is
common to all subcarriers, we are basically looking for an
L.-dimensional subspace (the one spanned by the columns of
Wrgr) which approximately contains all of the Ns-dimensional
subspaces spanned by W[k], k =0,..., K—1. In addition, the
subspace sought should have a basis with the special structure
imposed by the hardware constraints; having a larger number
of RF chains L; should improve the approximation.

A. Approximation of projection matrices

In this approach, the hybrid combiner is the solution to

1 K-1
5 2, WKW (4]
k=0

— WrrWpg [ 4] (WrrWEB

min
Wrr, {Wgg[£]}

N[ 24)
S. to : We € Ml]’\:rXLr’
’ (WreWsg[k])" (WreWsg[k]) = Iy, Vk.

The cost function in (24) is the sum of squared extrinsic
distances between the subspaces spanned by the columns
of W[k] and WrpWpg[k]; since these subspaces have the
same dimension Ny, the extrinsic distance is equivalent to the
chordal distance [36]. Developing (24), and using the fact that
W{k] and WrgWpgg[k] are semi-unitary, it is found that

K-1
2" WKW [£] ~ W Wi [K] (WirWiss [£1)°]
= K-1 )
= KNo= ) W [IWreWas k][ . @25
k=0

The main difficulty when attempting to solve (24) lies in
the constraint Wrg € MN'XL‘ Thus, we drop it for the
moment, and will eventually enforce it by projecting the
obtained solution onto MN‘XL' as usual. In view of (25), the
corresponding problem reads as

K-1
D W KWW [£1]]
k=0

max

Wrg,{Wss[k]} (26)

s. to (WreWag[k])* (WreWag[k]) = In, Vk.
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Consider now the SVD Wgg = Uy Zw Vy,, with Uy € CNxlr
and Ty, Vw € CE¥L and let Wgg[k] £ Zwv*WWBB[k].
Since Uy, Uw =1;,, we can rewrite (26) as

K-1

maX
Uw.{Wss[k]} k 0
wUw =11,

> 10 { (W [k])"Wag [£] = Iy, Vk.

Using Von Neumann’s trace inequality [37, Th. 7.4.1.1], for
any semi-unitary matrices {Wgp[k]} the objective in (27) can
be upper bounded as

S w0
27

K-1 _ )
> Wtk 1Uw Was 1]
k=0

=

tr {\Tv;B [k]U% WATW* [£]UpWyg [k]}

i

=

N

IA

A; (U kKIW*[k]Uyw) . (28)

T
(==}

i=1

The bound is attained when WBB [k] comprises the Ny princi-
pal left singular vectors of Uy, W[k], for each k, so that such
choice is optimal. Then problem (27) reduces to

KIN\

ZZ/I (U, W

kOl

[KIW*[k]Uw)

max Jw(Uw) = (29)

S. to U%UW = IL,-

The exact solution to (29) is not known unless L, = Ns. To
find an approximate solution for the general case L, > Nj, the
following result is useful; see Appendix C for the proof.

Proposition 1. For any semi-unitary Uy € CN¥Lt the cost
Jw(Uw) can be bounded as

Z/l

where

SUW <Jw(Uw) < tr{U SUw}, (30)

K-
S _ Z 31
k:
is the average of the orthogonal projection matrices corre-
sponding to the all-digital combiners for the different subcar-

riers>.

Applying Poincaré separation theorem [37, p. 248], one
has that (i) the upper bound in (30) is maximized when the
columns of Uy comprise the L, principal eigenvectors of S;
and (ii) the lower bound in (30) is maximized when N of
the columns of Uy comprise the N; principal eigenvectors of
S; the remaining L. — N columns are irrelevant as long as
Uy, Uw =1, holds. Hence, choosing Uy as the L, principal
eigenvectors of S simultaneously maximizes borh upper and
lower bounds, providing a sensible approximate solution to
(29). Note that if L, = Ny this solution becomes exact, since
both bounds in (30) hold with equality. Thus, denoting such

2Note that S is not a projection matrix itself [36].
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Algorithm 2 Hybrid combiner design

Input: All- digital combiners {W/[k] f _01
Compute S = £ > K ' W[k]W*[k]
Set Ug « L, principal eigenvectors of S
Project Ug to obtain Wgg as per (32)
Perform SVD Wgr = Uy XZwVy,
for k=0,...,K-1do
Set Wpp[k] « N; principal left singular vectors of
U3, W(k] _
Set Wgp [k] — VWZ‘_/VIWBB [k]
end for
Output: RF
{Was [k}

combiner WRgp, baseband combiners

eigenvectors by Ug € CN*lr| we choose the RF combiner as
its projection onto Ml]:]'XL‘, ie.,
r

[Wrelp.q = exp(jQ{<(€},Useq); br}), { -

where Q{-; b} denotes the phase quantization operation with
b bits. With this value of Wrp, with SVD Wgg = Uy Zw V5,
the baseband combiners are finally obtained as follows. Let
the columns of R[k] comprise the N principal left singular
vectors of Uy, W[k]; then, we set Wgg[k] = VX, R[],
k=0,1,...,K-1.

The hybrid combiner design is summarized in Algorithm 2.
For given all-digital combiners, its computational complexity
is O(KN?2Ny), as it is dominated by the computation of S in
(31).

B. Direct approximation of combiners

In this approach, the hybrid combiner is the solution to

K-1
min Z IW[k]

— W»rW k 2
Wee, (Wap [£]) 44 rReWas [K] |7

(33)
Wgr € M;,Y’XL‘,

> 10 {<WRFWBB[/<J>* (WreWyg [k]) = Ly, Vk.

Defining the matrices W € CN*KNs and Wgp € CL>KNs a5

13

w
Wss

[ wWo] WI1]
| Wss[0] Wgg[1]

WK -1] ],
Wgs[K -

(34)
1] ](35)

[~

the cost in (33) can be rewritten as ||W — WRFWBBH%. Since
in practice one has L. < KNg, problem (33) can be inter-
preted as one of finding a low-rank approximant WggWpgg
(with rank L;) of the matrix W, with additional hardware-
related and semi-unitary constraints. Momentarily ignoring
those constraints, the optimal factor Wgp can be chosen as the
L, principal left singular vectors of W, by virtue of the Eckart-
Young theorem [38]; or equivalently, and recalling (31), as the
L, principal eigenvectors of WW™* = K'S. Projecting these onto
MZrXLr, we obtain the same RF combiner as in (32). For this
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choice, with the SVD Wgg = Uy ZwVy,, and letting again

WBB [k] = Zw V3, Wgp[k], the problem reduces to
K-1 )

F (36)

_min
{Weslk]} =0
5. to Wyp [k|Wgp[k] = Iy, Vk,

which is decoupled across the K subcarriers, and is recognized
as a generalization® of the orthogonal Procrustes problem [39,
p. 601]. Considering the SVD Uy, W[k] = R[k]Z[k]V*[k],
the solution is given by Wgg[k] = R[k]V*[k] for all k,
matching the solution obtained in Sec. V-A up to the Ny X Ny
unitary matrix V*[k], which does not affect the spectral
efficiency. This lends additional justification to the hybrid
combiner design of Algorithm 2.

[ Wik - Un Wg 4]

VI. DESIGN OF FREQUENCY-SELECTIVE HYBRID
PRECODERS

We focus now on the frequency-selective hybrid pre-
coders FrpFpp[k] under the per-antenna or per-RF chain
power constraints. Since the spectral efficiency (9) de-
pends on the all-digital precoder only through the matri-
ces* F[k]F*[k], one may attemp to match these, such that
FrrFgp[k](FrrFgp[k])* ~ F[k]F*[k]. But in view of our
findings in Sec. V, direct approximation of the all-digital
precoders FreFgpg[k] ~ F[k] may be expected to provide
similar results, so we adopt this latter approach in the sequel.

A. Analog RF precoder

Let {F[k]} be the frequency-selective all-digital precoder
obtained in Sec. IV, either under uniform or non-uniform
power allocation. Defining the matrices F € CN*KNs and
FBB € CLXKNs ag

F [ F[0] F[1]
Fsp | Fea[0] Fas[l]

the corresponding problem becomes one of low-rank approx-
imation with additional constraints:

11>

FIK-1] |, (37)
FsslK - 1] |, (38)

min  ||F - FreFgll%
Frr,FpB

N¢X Ly
FRF (S Mbtlx [,

s. to KLNSe;FRFFBBFEBFl*QFej < pj,Vj (per-antenna),
or - FeaFpper < G, VL  (per-RF chain).
(39)

Momentarily ignoring the constraints, we may invoke the
Eckart-Young theorem as in Sec. V-B to select the left factor
in the approximant as the L. principal left singular vectors of
F, or equivalently as the L principal eigenvectors of

(40)

3Since the variable is only semi-unitary and not necessarily unitary.

4With non-uniform power allocation across subcarriers and data streams,
F[k] is not semi-unitary, so that F[k]F*[k] is not an orthogonal projection
matrix.
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Thus, we set the RF precoder as the projection of such
eigenvectors, say U7 € CNXLt | onto Mg‘XL‘, ie.,

1<p<N,

1 <qg<L, @1

[Frrlp.q = exp(jQ{z(e,Ure,); bi}), {
We note that, following a different route based on maximizing
an approximation to the mutual information, the authors of [7]
arrived at a similar design for the RF precoder, in which F[k]
is replaced in (40) by the Ny dominant singular vectors of the
channel matrix H[k].

B. Digital baseband precoder

Once Fgr is fixed, it remains to obtain the baseband factor
Fpp taking the power constraints into account. Developing the
objective in (39) yields

IF - FreFagllz = [IFII7 + IFreFasll7

- ZRetI‘{F*FRFFBB} . (42)

In the case of per-antenna power constraints, if these are all
met with equality, then ||FRFFBB||2F = KN, Zj.vz‘l pj, and the
dependence on Fgp of (42) is through the last term only. In
the case of per-RF chain power constraints, we argue that this
is also approximately true. Recall that the analog precoder
satisfies FgpFrr ~ NIy, with high probability [10, Lemma
1], so that

|IFreFagl|> tr {FppFrrFreFas}

Nitr {FEBFBB}
N tr {FBBFEB} s

which equals NK N 221 g if the per-RF chain power con-
straints are met with equality. Hence, we propose to focus on
the minimization of the last term in (42).

Introducing G = FgeF € CIKNs and the SVD Fpp =
UBBEBBVE& where Ugg € CL*l| Xpp € CL¥Lt and Vg €

X

(43)

CKNsxLi ' the problem becomes
max  Retr {G*UBBZBBVEB}
Ugs.XgB,VEB
UggUss =11, VgsVes =1,
s.to { wn-eiFreUppEggUppFree; < pj. vV

or g€ UssXisUpper < gr, V¢
(44)

Solving (44) is difficult due to the fact that Ugp affects the
power constraints. Similarly to Sec. IV, we adopt an approach
by which we first optimize the semi-unitary matrices Ugg, Vg
neglecting the power constraints, and then optimize Xpp under
the power constraints. The solution thus obtained is feasible
for (44), but not necessarily optimal. Hence, we must first
solve

max Retr {G*UBBZBBVEB}

BB,VBB (45)

S. to UEBUBB = IL(’ VEBVBB = IL‘.

Consider now the SVD G = UgZsV;. Assuming that the
singular values in X and Xpgp are in decreasing order,

application of Von Neumann’s trace inequality reveals that the
solution to (45) is given by Ugg = Ug and Vg = V. After

(per-antenna),
(per-RF chain).
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Algorithm 3 Hybrid precoder design under per-antenna or
per-RF chain power constraints

K-1

Input: All-digital precoders {F[k]}, ',

()} or {@eyge,

Compute T = % S FLk]F [k]

Set Uy « L, principal eigenvectors of T

Project U7 to obtain Fgg as per (41)

Compute G = Fy. [ F[0] FIK-1] ]

Perform SVD G = UgXZs Vg

Non-uniform power alloc.: Solve for Xgp in (46)

Uniform power alloc.: Compute (47) and set Xgg = oggly,
Set [ Fgg[0] Fes[K - 1] | =UcZpsV§

Output: RF precoder Fgg, baseband precoders {Fgp[4] f:_ol

available powers

substituting these in (44), it remains to maximize tr {Z;Xpp}
w.r.t. Xgp subject to the power constraints, i.e.,

L
max 0G,tUBB,¢
{oBB,c} =
OBB,1 = OBB2 ="+ 2 0BB,I, =0,
1 L ITLE = . 2 2 = .
S. 0 Y KN, =1 e[UGFRFefl Oppe S PjVJ

1 L |o*q)* 2 _ ,
or v 2ol lepUser | ogy , < Ges Ve
(46)

Note that the singular values {O'BB,[}?;I can be interpreted as
power allocation coefficients at the transmit RF chain level.
Problem (46) has a linear objective and convex quadratic
constraints, so it can be expressed as a second-order cone
program (SOCP). Although the number of variables, L, is rel-
atively small, a suboptimal solution that avoids having to solve
an SOCP altogether is obtained by imposing ogg ¢ = opp for
all £. In that case, the optimal value is readily found to be

O'BB:{

where we have used the fact that 221 le;Ug EFejiz = L
for all j, since the entries of Frg have unit modulus and
Ug is unitary; similarly, 25;1 e; *Geg«|2 = 1 for all ¢.
With this choice, it is readily seen that in the case of per-
antenna power constraints, all antennas transmit with the same
power pg = mini<j<n{p,}; and in the case of per-RF
chain power constraints, all RF chains deliver the same power
go = minj<¢<r,{q¢}. Thus, in the important case of uniform
power constraints (i.e., p; = poVj, or g¢ = go V{), this design
guarantees that all constraints are satisfied with equality. This
is true regardless of the resolution of analog phase-shifters.

KN, . _
\/T mini<;<n{p;} (per-antenna),

47
VKNsminj<¢<1,{G¢} (per-RF chain),

The hybrid precoder design is summarized in Algorithm 3.
For given all-digital precoders, its complexity is O(KNtZNS),
as it is mainly due to the computation of T in (40). Thus,
since Ny < min(Ny, N;), the overall complexity of the com-
plete hybrid design is dominated by the initial computation
of the all-digital matrices, which is O(K min(Nter, NZNy))
assuming uniform power allocation (see Sec. IV).
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Fig. 2: Frequency response of two channel realizations be-
tween a TX-RX antenna pair. Scenario I, Kg = 0 dB. Delay
spread = 53 ns (top) and 392 ns (bottom).

VII. NUMERICAL RESULTS

A, Scenario description

(per-antennay,

(per-RF chain§.

imulation results are presented for a mmWave MIMO
system with a bandwidth B = 200 MHz operating at a
carrier frequency f. = 50 GHz. Both transmitter and receiver
are equipped with half-wavelength Uniform Linear Arrays
(ULAs). The number of active subcarriers is K = 400, with
cyclic prefix length Zcp = 100. Thus, the subcarrier spacing is
Ap = % = 500 kHz, the temporal duration of the useful part
of the OFDM symbol is ALf =2 us, and the guard interval is

% = 500 ns. The pulse shaping filter accounting for filtering

effects at the transmitter and receiver is a raised cosine filter
with 25% excess bandwidth. The mmWave frequency-selective
channel is generated according to (2) using small-scale fading
parameters generated with the QuaDRiGa channel simulator
[40], [41] following the 3GPP TR 38.901 Urban Macrocell
(UMa) scenario as specified in [27], with maximum delay
spread of 500 ns as suggested in [42]. The influence of the
MIMO channel Rician factor, denoted as Kg, will also be
illustrated. Results are averaged over 100 independent channel
realizations. We consider two different setups:

o Scenario I: the number of transmit and receive antennas
are Ny = 64, N, = 32, and the number of RF chains is set
toLi=4, L, =4.

o Scenario II: the number of transmit and receive antennas
are Ny = 64, N; = 16, and the number of RF chains is set
to Ly=4, L, =2.

Fig. 2 shows two typical channel responses, confirming the
frequency selectivity of this setting.

B. All-digital design

First we evaluate the performance of the all-digital design
of Sec. IV. As a benchmark we consider a standard design
with a total power constraint (TPC) P, in which precoders and
combiners are taken from the dominant singular vectors of the
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Fig. 3: Spectral efficiency vs. SNR for all-digital designs. (a) Scenario I, Kg = 0 dB; (b) Scenario I, Kg = —10 dB; (c) Scenario

II, Kg =0 dB; (d) Scenario II, Kg = —10 dB.

channel matrices H[ k], with optimal power allocation obtained
via waterfilling (WF). For the design with per-antenna power
constraints (PAPC) we assume equal constraints p; = P/N;
across antennas, so that the total transmit power is P for
both designs. Results for Scenarios I and II and Rician factor
values of 0 and —10 dB are shown in Fig. 3, with the PAPC
design following the uniform power allocation in (23). It is
seen that the gap between this PAPC design with uniform
power allocation and the WF-based TPC design remains small,
although it increases with the number of data streams Ns.
The spectral efficiency of the optimal space-frequency power
allocation strategy (21) lies between these two, showing that
the simple uniform power allocation approach of (23) provides
a very good tradeoff between performance and complexity.
Fig. 3 also shows that the Rician factor has no significant
impact on performance; this is likely due to the fact that
the proposed designs do not rely on any particular channel
structure.
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C. Hybrid design

Figs. 4 and 5 show the performance of the proposed hybrid
designs under Scenarios I and II, respectively, considering both
per-antenna (PAPC) and per-RF chain (PRFPC) power con-
straints. The all-digital precoders and combiners used as ref-
erence for the hybrid designs were obtained as per Algorithm 1
with uniform power allocation. Equal power constraints were
imposed on the hybrid designs, i.e., pj = P/N;, j=1,...,N;
for PAPC and g, = P/(LNy), £ = 1,...,L; for PRFPC.
The hybrid combiners were computed as in Algorithm 2,
whereas for the hybrid precoders we considered both uniform
(UPA) and non-uniform (NUPA) power allocation versions of
Algorithm 3. The same bit resolution is assumed for the phase
shifters at the transmitter and receiver, i.e., by = b;.

For PAPC, it is seen that the NUPA approach provides a
slight improvement with respect to UPA, but this advantage
diminishes as the number of data streams increases; for exam-
ple, in Scenario I with Ny =4, cf. Fig. 4(a), there is virtually
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Fig. 4: Spectral efficiency vs. SNR. Scenario I, Kg = —10 dB. Left: Per-Antenna Power Constraints; Right: Per-RF Chain

Power Constraints. Top: Ng = 4; Middle: Ny = 2; Bottom: Ng = 1.
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Fig. 5: Spectral efficiency vs. SNR. Scenario II, Kg = —10 dB. Left: Per-Antenna Power Constraints; Right: Per-RF Chain

Power Constraints. Top: Ng = 2; Bottom: Ng = 1.

no difference in performance between the two approaches. For
PRFPC, the results of UPA and NUPA are indistinguishable
in all cases.

The loss in performance for PAPC with respect to the all-
digital reference design due to finite-resolution phase shifters
becomes more pronounced with a larger number of data
streams. For Ny = 1, and with b, = b, = 4 bits, the spectral
efficiency of the hybrid NUPA design is very close to that of
the all-digital reference in both scenarios. In Scenario I with
Ns =4, aloss of 2, 4 and 8 dB is respectively observed with 4-
, 2- and 1-bit resolution phase shifters. Regarding PRFPC, it is
seen that its performance is very similar to that of UPA-PAPC
for all cases. Note that even with very coarse quantization, the
spatial multiplexing gain of the all-digital design is achieved,
i.e., the spectral efficiency vs. SNR curves present the same
slope, under either PAPC or PRFPC.

The complementary cumulative distribution function
(CCDF) of the power delivered to any given antenna under
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TPC and PAPC designs is shown in Fig. 6. On the one
hand, the hybrid UPA-PAPC design is seen to meet the
power constraints with equality, as expected from the remarks
following (47). On the other hand, although both the all-digital
PAPC and the hybrid NUPA-PAPC designs always satisfy
the per-antenna power constraints, these are not necessarily
met with equality. Therefore, there may be antennas whose
amplifiers do not deliver their maximum available power,
although the probability of this event decreases with larger
number of data streams. For example, in the setting of
Fig. 6(a) (Scenario I), with the hybrid NUPA-PAPC design
(4-bit phase shifter resolution) the percentage of amplifiers
within 0.5 dB of their maximum power output are 62%,
86.5% and 100% respectively for Ny = 1, 2 and 4. Note that,
in view of Lemma 1, the fact that the all-digital PAPC design
does not meet the power constraints with equality indicates
that this design is suboptimal with respect to Problem (16),
due to the approximations introduced in Sec. IV. Interestingly,
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Fig. 6: CCDF of the different designs. SNR = —4 dB, Kg = —10 dB. (a) Scenario I; (b) Scenario II. The reference power is

defined as Prf = P/Nq.

the hybrid PAPC designs yield larger delivered power to
any given antenna than the all-digital PAPC design, so that
the performance loss ensuing from the hardware constraints
of the hybrid architecture is partially compensated by an
increase in transmit power, whenever this is feasible.

In contrast, the all-digital WF-based TPC design violates
the per-antenna power constraints, resulting in larger power
spread across antennas for smaller values of N;. For example,
under Scenario I, i.e., Fig. 6(a), if a probability of 0.01 for a
given antenna not fulfilling the power constraint is desired, the
transmit power would have to be backed off by approximately
1.7, 1.2 and 1 dB for Ny = 1, 2 and 4 respectively. Thereby, the
corresponding spectral efficiency curves for WF-based TPC in
Fig. 4 would need to be shifted to the right by these same
amounts. This clearly shows the importance of considering
adequate power constraints in the design of practical mmWave
MIMO systems.

VIII. CONCLUSIONS

We considered the design of precoders and combiners for
frequency-selective mmWave channels under a multicarrier
approach, and adopting per-antenna or per-RF chain power
constraints, which are more realistic than the total power
constraint usually found in the literature. When hybrid archi-
tectures are considered, the pivotal point of the design is the
determination of the analog term in the corresponding fac-
torization, which is common to all subcarriers. We posed the
corresponding problem as one of subspace approximation, for
which accurate suboptimal solutions were proposed, offering
different tradeoffs in terms of performance and complexity.
The influence of different system parameters on final perfor-
mance was also analyzed, both in terms of spectral efficiency
and power delivered to any given antenna, showing that the
proposed design performs well even under low resolution of
the phase shifters comprising the analog factors.
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Although we have considered a single-user MIMO system,
the proposed design can also be applied with straightforward
modifications to an Orthogonal Frequency Division Multiple
Access (OFDMA) multiuser MIMO system, in which the
different users are scheduled over disjoint subsets of the
available subcarriers. The case in which all users are scheduled
simultaneously over the whole frequency band is significantly
more challenging and is left for future work.

APPENDIX A
PROOF OF LEMMA 1

Let {W,([k]}{f:‘o1 be the combiner corresponding to the
the solution of (16) and consider the SVD W,[k] =
U, [k]Z.[k]V, [k]. By fixing W[k] = W,[k], the spectral
efficiency becomes

1 K-1

K &

SNR
N

R = Iy, + F*[kIH* [k]U, [k]U; [KIH[K]F[k]|,

log,
0

(48)
corresponding to the mutual information for an effective chan-
nel H[k] = U%[k]H[k]. Then the result follows by applying
analogous arguments to those in the proof of [18, Theorem
1]. Specifically, for a given £ € {0, 1, ..., K—1}, the objective
(48), seen as a function of {F[k]}, is written as the sum of
two terms: the first one depends on the j-th row of F[£] only,
and the second depends on the remaining rows of F[£] and on
F[k] for k # €. Thus, it is seen that if the power constraint at
the j-th antenna is not tight, then the j-th row of F[£] can be
modified to improve the spectral efficiency while still meeting
the constraints.

APPENDIX B
PROOF OF THEOREM 1

Since the optimization problem (18) is uncoupled across the
K subcarriers, we neglect the subcarrier index k and, letting
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v E SE—R, we focus on any one of the terms:
S

max J =
{W.Ur}

s. to W'W =1y,

Ly, + YWW'HU - 22 U H*

49)
UiUp =1y,

Let C £ HU FZ%U*FH*, which is N; X N; positive semidefinite.
Using [43, Lemma 3], J in (49) is upper bounded as

J = |[In,+yYWW'C|

N,

< 1_[ (1+52;(WW")2;(C)) (50)
t;j

- 1_[ (1+y2;(C)) £ %, (51
i=1

since 4;(WW*) =1 for 1 <i < Ny and zero otherwise. The
upper bound in (51) is achieved if the columns of W comprise
the N; principal eigenvectors of C.

Consider now maximizing Jo w..t. Ur. The following
bound applies:

Jo < [In, +vC| = Iy, + YUFERURHH|.  (52)
Apply now [43, Lemma 3] to obtain
M
B < [[(1+ruUrEiUpaHN)  $3)
i=1
Ns
= [(r+ruchumh), (54)

i=1

since /li(UFZ%U;) = /l,»(lep) for 1 < i < N and zero
otherwise. Equality holds in (52) and (53) if the columns of
Ur comprise the Ny principal right singular vectors of H,
and thus such Ug is optimal. In that case, the eigenvectors
of C=HU FE%U*FH* reduce to the left singular vectors of H,
and therefore the optimal W is given by the N principal left
singular vectors.

APPENDIX C
PROOF OF PROPOSITION 1

The upper bound in (30) is derived as

| K=l N
Jw(Uw) = X Ai (U W[K]W* [4]Uw)
k=0 i=1
=
k=0
=
= wiU;, ?;W[k]w (k]| Uw
= w{U;SUw}. (55)

The lower bound in (30) follows by direct application of Ky
Fan’s eigenvalue inequality [37, Th. 4.3.47], which states that
for Hermitian matrices A, B € C™*", the vector of ordered
eigenvalues of A + B is majorized by the sum of those of A
and B, ie., X" 1i(A+ B) < 3" [1;(A) + 4;(B)] for all

m < n.
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